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Abstract

In distance-based machine learning applications, different distance
metrics (Euclidean distance v.s. distance along curved lines) capture
the information of different interests, and thus can largely improve
the model performance. Emerging as Mahalanobis distances, the dis-
tance metrics can be learned by different algorithms in various machine
learning aspects. In particular, for this report, we take the path of
convex optimizations over the space of positive semidefinite matrix.
We start from the earliest work that applys convex optimization to
this task and discuss its shortages; then present the main following
work that makes effective advances on the earliest work by making
up different deficiencies. Analysis and experiments demonstrate the
deficiencies and show how other algorithms remedy the corresponding
defects. Additional algorithmic derivations are also provided where
the original paper omits. Investigations on the optimization tech-
niques utilized by these papers illustrate that algorithms vary a lot
based on the characteristics of the problem and an efficient design can
be a piece of art. We also compared the performance between the
generic solver CVX and the original optimization algorithms provided
by the papers.
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1 Introduction

Distance metric learning serves as an important role in distance-based clas-
sification and clustering tasks in machine learning. Usually we need different
distance metrics to measure the similarities of particular interests between
two objects. For example, we are using k-means to cluster images of faces by
pose and gender. Typically, it is hard to develop one optimal distance metric
for both the pose task and the gender task.

Motivated by these issues, different distance metrics for different tasks
are quite desirable, where those tasks are specified by users. A conventional
practice is to ask users to define which task that they are interested in. In
particular, they provide the machine with two sets of pairs of data points –
an equivalence set S and an inequivalence set D. Pairs of data points (xi, xj)
in the equivalence set S are thought to be similarly labeled and supposed to
have small distances between them while (xi, xj) in the inequivalence set D,
considered to be differently labeled, should have large distances. Both sets
together define the constraints that a desired distance metric is demanded
to satisfy. This intuition is first proposed by Xing et al. [2003] and the two
sets provided by users are termed as “side information”.

The side information can be used as supervised signals. These signals
render the ability of utilizing supervised machine learning techniques to han-
dle such problems, i.e., constructing an optimization problem and ”learning”
the metric by finding the optimal solution.

Unlike the supervised learning behavior, Yang and Jin [2006] summarizes
that unsupervised distance metric learning, or called manifold learning, fo-
cuses on learning an underlying low-dimensional manifold where geometric
relationships between most of the observed data are preserved. This learned
low-dimensional manifold is naturally related to dimension reduction tech-
niques like Principle Component Analysis (PCA) and Laplacian Eigenmaps
method (Belkin and Niyogi [2002]). These learning problems are usually
solved by eigenvector methods based on second order statistics.

In this report, we will mainly focus on the important works on supervised
metric learning and demonstrate the process of transforming the learning
problem into a convex optimization problem. This report is organized as
follows. Section 2 introduces the routemap that we will take and sums up
the experience we obtain from this report. Section 3 presents some of the
important distance metric learning algorithms that utilize convex optimiza-
tion. Section 4 presents experiments performed by the proposed optimization
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algorithms in the papers and the generic solver CVX. Section 5 concludes by
summarizing the report.

2 Routemap

As we mentioned above, the very first work implementing distance metric
learning via convex optimization comes from Xing et al. [2003]. The learning
problem is constructed as a semidefinite programming to find the optimal
Mahalanobis distance. The distance metric is parameterized by a positive
semidefinite matrix A that can be learned.

Although Xing et al. [2003] solved the problem from a totally new angle,
several problems are still noticeable and many following work are come up
with to deal with those defects. The first is that the number of parameters
is almost quadratic in the number of features, and general solvers may scale
poorly to large number of constraints and may be very inefficient. To deal
with this, a probabilistic approach is proposed in Yang et al. [2006] to gener-
alize the formulation to include a probabilistic view as well as to reduce the
number of parameters by approximating the metric matrix with eigenvectors
of the data covariance matrix.

On the other hand, the work proposed in Xing et al. [2003] also suffers
from the underlying assumption that clusters are generally modeled as nor-
mal or uni-modal distributions. The behavior of the global minimization of
distances between all pairs of the similarly labeled points reflects this assump-
tion. So the metric learned in this way is not appropriate to the multi-modal
distributions like mixture models. A different objective for non-parametric
models, such as kNN, is deserving. This extention is introduced by Wein-
berger and Saul [2009], which is also formed as a semidefinite programming
problem.

Extending the boundaries of metric learning, Shalev-Shwartz et al. [2004]
develops the online version and illustrates that it can be easily transformed
into the batch version in a systematic way. These evolutions are presented
in Figure 1.

By doing the resport, we realize that in practice, different problems usu-
ally assume different structures. Although sometimes general-purpose al-
gorithms like interior-point methods can be utilized, specific optimization
method that takes advantage of the particular problem structure exhibits
an easier implementation and better performance. To demonstrate this, we
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Figure 1: The main evolution of distance metric learning.

compare the specific optimization algorithms with the general solver CVX
(Grant et al. [2008]) in section 4.

Another explanation of why they did not use a free solver but paid large
efforts to design one is that there did not exist such a good solver like CVX at
that time. But, by investigating their original algorithms, we can see that all
of these algorithms demonstrate systematic thoughts to construct and solve
(smooth and nonsmooth) convex optimization problems.

We also notice that, which is another important point deserving atten-
tion, most of the constraint optimization problems (at least in distance metric
learning) have a lot of equivalent forms and different forms may require differ-
ent algorithms (e.g., LMNN’s hard SDP optimization but easy sub-gradient
descent methods). How to choose the appropriate problem form with the
least expensive optimization algorithm may be another work of art.

3 Distance Metric Learning

In this section, we deliver three main methods for distance metric learning
and their detailed derivations. In particular, we supplement the derivation
details omitted by the authors. The three works represent respectively the
global distance metric learning by Xing et al. [2003], the probabilistic version
of global distance metric learning by Yang et al. [2006], and the local distance
metric learning by Weinberger and Saul [2009].
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We also analyse the original algorithms given by the papers and illustrate
which optimization techniques they use to handle the optimization problem.
It is quite interesting to see that in the era of lacking reliable generic solvers,
the authors proposed quite concise and effective algorithms to deal with the
optimization problem. These algorithms reflect the thoughts of interior-point
methods and (sub)-gradient projection methods.

Before we get into the algorithmic details, we first present the background
of distance metric learning.

3.1 Background

We begin by reviewing the definition of distance. A mapping d : X×X 7→ R+

over a vector space X is called a metric or valid distance if for all vectors
∀xi, xj, xk ∈ X , it satisfies the properties:

1. d(xi, xj) + d(xj, xk) ≥ d(xi, xk) (triangular inequality).

2. d(xi, xj) ≥ 0 (non-negativity).

3. d(xi, xj) = d(xj, xi) (symmetry).

4. d(xi, xj) = 0⇐⇒ xi = xj (distinguishability).

Strictly speaking, a mapping that satisfies the first three properties except
the fourth is a pseudometric.

Given the definition, we can construct a valid pseudometric by setting

dL(xi, xj) = ||L(xi − xj)||2

where || · ||2 is l2 norm of a vector. The distance dL dictates that first apply
a linear transformation on the vector x by a real-valued linear map L, and
then compute the Euclidean distance in the transformed space.

In particular we can rewrite dL as an equivalent pseudometric dA such
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that dA belongs to the family of Mahalanobis metrics,

dL(xi, xj) = ||L(xi − xj)||2

=
√

(L(xi − xj))>(L(xi − xj))

=
√

(xi − xj)>L>L(xi − xj)

=
√

(xi − xj)>A(xi − xj)

= dA(xi, xj)

where A = L>L is a symmetric positive semidefinite matrix. Note that a
positive definite matrix A will define a valid metric. We also denote dA(xi, xj)
by ||xi − xj||A. To see why this is a valid pseudometric, we give a simplified
proof.

Proof: The non-negativity is straightforward by the definition of positive
semidefinite matrix. If A ∈ Rn×n is positive semidefinite, then ∀x ∈ Rn,

x>Ax ≥ 0.

Thus since xi − xj ∈ Rn, dA(xi, xj) ≥ 0.
The symmetry is also straightforward. Because

(xi − xj)>A(xi − xj) = (xj − xi)>A(xj − xi),

we have dA(xi, xj) = dA(xj, xi).
To show the triangular inequality, we first derive a variant of Cauchy-

Schwarz inequality. Given x 6= 0 and y 6= 0,

(x− λy)>A(x− λy) ≥ 0 (for any λ ∈ R)

x>Ax+ λ2y>Ay ≥ 2λx>Ay

x>Ax+
(x>Ay)2

(y>Ay)2
y>Ay ≥ 2 · (x>Ay)2

y>Ay
(let λ =

x>Ay

y>Ay
)

√
x>Ax

√
y>Ay ≥ x>Ay.

Then we have the following inequality by using the above results,

(x+ y)>A(x+ y) = x>Ax+ y>Ay + 2x>Ay

≤ x>Ax+ y>Ay + 2
√
x>Ax

√
y>Ay

= (
√
x>Ax+

√
y>Ay)2.
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Setting x = xi − xj and y = xj − xk and plugging in, we have the triangular
inequality d(xi, xj) + d(xj, xk) ≥ d(xi, xk).

Now we have shown that Mahalanobis metrics are valid pseudometric,
we can find such a metric either by the matrix A or the matrix L defined
as above. Note that the matrix L uniquely defines the matrix A, while
the matrix A defines L up to some rotation (which preserves the distance
anyway). Although we can explicitly solve the metric by dL without any
constraints in the supervised setting, dA provides more benefits even with
the constraint that A has to be positive semidefinite. Because solving dA is
usually equivalent to solving a convex optimization problem, the convexity
avoids spurious local minimum and directly gives the global minimum! This
property is quite desirable in local distance metric learning for multimodal
distributions where locality might be prevalent.

3.2 Global Distance Metric Learning for Clustering

As described in section 1, when aided with the equivalence set S and the
inequivalence set D, we have an explicit goal that aims to minimize the
distance for pairs (xi, xj) ∈ S and maximize the distance for pairs (xi, xj) ∈
D. In other words, this shares a similar goal as Linear Discriminant Analysis
(LDA): namely, to minimize the distances between data points with similar
labels while maximize the distances between data points with different labels.
This similar goal with LDA might account for the similar behaviour with LDA
(in the experiment section). It not only clusters the data but also tends to
project them onto a line, which is the usual effect of LDA.

To exert such constraints, we simply add up all the distances in each
set and constrain them with desired distances. The proposed optimization
problem is as follows,

min
A∈Sn

+

∑
(xi,xj)∈S

(xi − xj)>A(xi − xj) (1)

subject to
∑

(xi,xj)∈D

√
(xi − xj)>A(xi − xj) ≥ 1 (2)

A � 0 (3)

It can be verified that both the objective function and constraints are
convex, thus the constrained minimization is a convex optimization problem.
Its solution ensures the global minimum.
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The choice of the constant 1 in the righthand side of (2) is arbitrary and
not important. Changing it to any other positive constant c results only in A
being scaled by c2. In the experiments, we use this knowledge to enlarge our
figure. It turns out such distance constraints are prevalent in the distance
metric learning field and it usually assumes 1 than any other arbitrary values.

Another common question raised as to the optimization problem is that
why use the square-root constraints instead of the simpler linear constraints.
However, that linear constraint will always give a matrix A with rank 1. The
author did give some illustration in the paper, here we provide a complete
one.

3.2.1 The Rayleigh Quotient

The Rayleigh Quotient assumes the form of

max
x

x>Ax

x>x

where A is symmetric. The Rayleigh Quotient is prevalent in many ma-
chine learning applications since it usually provides an eigenvector solution
of matrix A.

First notice that x>Ax
x>x

= x′>Ax′

x′>x′ when we set x′ = cx for any c 6= 0 ∈ R,
thus the problem may assume infinite solutions. So we might as well set
constraints by solving the problem for x with a unit norm ||x||22 = 1.

So the problem can be reformulated as

max
x

x>Ax

subject to x>x = 1.

This problem can be readily solved by its KKT conditions or Lagrangian
multipliers. The Lagrangian is

L(x) = x>Ax+ λ(x>x− 1)

and its KKT conditions are

2Ax+ 2λx = 0 (4)

x>x = 1 (5)
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Hence the maximum is given when Ax = −λx where −λ is an eigen-
value of A and x is its corresponding eigenvector. So the objective function
is x>Ax = −λx>x = −λ. The maximum is obtained at the eigenvector
corresponding to the largest eigenvalue of A.

The generalized Rayleigh Quotient is

max
x

x>Ax

x>Bx

where A and B are both symmetric. Again, we choose a certain solution

max
x

x>Ax

subject to x>Bx = 1.

By similar argument, we can find that the solution is equivalent to

2Ax+ 2λBx = 0 (6)

x>Bx = 1 (7)

and the objective function is x>Ax = −λx>Bx = −λ. The solution is the
generalized eigenvector of the largest eigenvalue of Ax = −λBx.

Back to our convex optimization problem, if we replace the square root
in 2 with a linear operator, it rings a bell to us for the Rayleigh Quatient-like
quantity. And it turns out that A is always of rank 1 because the optimization
problem shares the similar solution with LDA, which is the solution of the
Rayleigh Quotient.

First note that we can rewrite the objective function and constraint func-
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tion is a similar way with the Rayleigh Quotient,∑
(xi,xj)∈T

(xi − xj)>A(xi − xj) =
∑

(xi,xj)∈T

tr ((xi − xj)>A(xi − xj))

=
∑

(xi,xj)∈T

tr (A(xi − xj)(xi − xj)>)

= tr (A
∑

(xi,xj)∈T

((xi − xj)(xi − xj)>))

= tr (AMT )

= tr (
n∑

i=1

aia
>
i MT )

=
n∑

i=1

a>i MTai

where MT =
∑

(xi,xj)∈T (xi−xj)(xi−xj)> and A =
∑n

i=1 aia
>
i because A � 0.

We can reformulate the optimization problem as

min
ai∈Rn

n∑
i=1

a>i MSai

subject to
n∑

i=1

a>i MDai ≥ 1

n∑
i=1

aia
>
i � 0.

Note that the last constraint is automatically satisfied. Similar argument
gives the KKT conditions

2MSai − 2λMDai = 0,

λ ≥ 0,
n∑

i=1

a>i MDai ≥ 1,

λ(1−
n∑

i=1

a>i MDai) = 0

for all ai ∈ Rn.
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Solving this system gives the solution for all ai to be the generalized
eigenvector of the largest eigenvalue of 2MSai = λMDai. Thus it makes the
matrix A =

∑n
i=1 aia

>
i to be rank 1.

3.2.2 The case of diagonal A

In this section and the next one, we begin to analyse the original algorithm
given by the paper and illustrate which techniques it uses to handle the
optimization problem. It is quite interesting to see that in the era of lacking
reliable generic solvers, the authors proposed quite concise algorithms to
deal with the optimization problem. These algorithms reflect the thoughts
of interior-point methods.

For this case, the author proposed a barrier-like method and use Newton’s
method to solve the problem. Since A is diagonal, there are only n parameters
to be specified which makes it possible to efficiently compute the Hessian
and its inverse. The author eliminates the constraint (2) by putting it into a
log function and subtracting it from the objective function, which essentially
imitates the barrier methods, although it explicitly sets the barrier parameter
t to be 1 (t usually increases from iterations to iterations in barrier methods).
To make sure A � 0, during each iteration of the Newton’s method, it
employs a line search to limit the step size such that A(k) � 0 for step
k. This is also the essence of interior-point methods.

In particular, the following objective function is optimized,

g(A) =
∑

(xi,xj)∈S

(xi − xj)>A(xi − xj)− log

 ∑
(xi,xj)∈D

√
(xi − xj)>A(xi − xj)


and minimizing g is equivalent, up to a multiplication of A by a positive
constant (because the constant in (2) is arbitrary), to solve the original op-
timization problem.

3.2.3 The case of full A

If we use a full symmetric matrix A, the number of parameters that need
to be solved is O(n2). And the Newton’s method becomes quite expensive
because the inverse operation requires O(n3) even after being optimized.
Thus instead of utilizing Newton’s method, the author proposed a gradient
ascent method with iterative projection algorithm.
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The experience we get here is that for problems with large number of
parameters, we had better to use gradient methods to avoid computing the
inverse of the Hessian matrix. The algorithms applying the Quasi-Newton
methods are also worth a try.

In particular, to facilitate the computation, the author exchanges the
constraints and objectives,

max
A∈Sn

+

∑
(xi,xj)∈D

√
(xi − xj)>A(xi − xj) (8)

subject to
∑

(xi,xj)∈S

(xi − xj)>A(xi − xj) ≤ 1 (9)

A � 0 (10)

Every time update A by gradient ascent, and make sure projecting the new
value onto the convex domain of the contraints. The projection is executed
as iterations until convergence,

A := arg minA′{||A′ − A||2F : A′ ∈ C}.

For constraint (9), this projection can be seen as a quadratic programming
and can be solved by alternating projections in O(n2) time. In essence, al-
ternating projection algorithms provably converge (Vandenberghe and Boyd
[1996]). For constraint (10), it can be solved by eigen-decomposition of
A = V ΣV > and change the eigenvalues Σ′ = max(0,Σ) thus A′ = V Σ′V > is
positive semidefinite.

In conclusion, the whole purpose is to find the direction (by Newton’s
method or gradient ascent) to the maximum as well as keep the solution
satisfying the constraints (by projection).

3.3 Probabilistic Global Distance Metric Learning

It can be seen that the number of parameters in the optimization problem
(1)-(3) is O(n2) where n is the number of dimensions of the data. And the
optimization algorithm is kind of tricky to come up with. Instead, Yang and
Jin [2006] provides an approximate on the metric matrix A. In particular,
they first compute the covariance matrix M of all the data,

M =
1

n

n∑
i=1

xix
>
i ,
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which include the pairwise correlation between any two features. Further
more, if we use the design matrix X which has each data point at each row,
then M = X>X up to a constant n. Denote the top K eigenvectors of M
by {vi}Ki=1. Then they assume that A is a linear combination of the top K
eigenvectors

A =
K∑
i=1

γiviv
>
i , γi ≥ 0.

In the paper, they did not give the reason why they take A in this form.
But I think they might refer to the results of unsupervised distance met-
ric learning which usually gives the eigenvector solution, and they use the
results here as a kind of approximation. Furthermore, such an approxima-
tion can also be used for the original programming to reduce the number of
parameters. We leave this as a future work.

Given this kind of approximation, they assume a logistic regression model
to estimate the probability of any two data points sharing the same class,
i.e.,

P (yi,j|xi, xj) =
1

1 + exp(−yi,j(||xi − xj||2A − µ))

=
1

1 + exp(−yi,j(
∑K

k=1 γkw
k
i,j − µ))

where

yi,j =

{
1, (xi, xj) ∈ S,
−1, (xi, xj) ∈ D.

wk
i,j = (xi − xj)>vkv>k (xi − xj).

This is a probabilistic model, and if we assume that each data is gener-
ated iid, then we can estimate the parameters by maximum likelihood. In
particular, the log-likelihood function is

L({vi}Ki=1) =−
∑

(xi,xj)∈S

log

(
1 + exp

(
−

K∑
k=1

γkw
k
i,j + µ

))

−
∑

(xi,xj)∈D

log

(
1 + exp

(
K∑
k=1

γkw
k
i,j − µ

))
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and the convex problem is

min L({vi}Ki=1)

subject to µ ≥ 0, γi ≥ 0, i = 1, ..., K.

This problem can be solved directly using Newton’s method or gradient de-
scent method. Notice that during the iterations make sure that the con-
straints are valid by projection. This formulation spares the efforts of de-
signing efficient algorithms.

3.4 Local Distance Metric Learning for Classification

The optimization problem (1)-(3) is designed for clustering. In these algo-
rithms, clusters are generally modeled as normal or unimodel distributions.
To see this, note that the objective function and the constraints are exerted
on all pairs of the similarly labeled data and differently labeled data. It does
not take local clusters into consideration. For this reason, however, global
distance metric is not appropriate for multimodal data distributions, neither
in clustering nor in classification.

A representative work to extend this into the local distance metric learn-
ing comes from Weinberger and Saul [2009]. The algorithm is referred to
as Large Margin Nearest Neighbor (LMNN). It realizes its power with the
non-parametric benefits of kNN algorithm. In addition to formulate a con-
vex optimization problem, they attempt to maximize the margin of which
the model correctly classifies labeled data points in the training set.

Based on the main intuitions that 1) neighbors should share similarly
labels and should be as close as possible, and that 2) data with differently
labels should be separated as far as possible, the authors formulated the
objective function and minimize it:

f(A) = (1− µ)
∑

i,j∈Neighbor(i)

||xi − xj||2A

+ µ
∑

i,j∈Neighbor(i),l

(1− yil)
[
1 + ||xi − xj||2A − ||xi − xl||2A

]
+

(11)

where yil = 1 if and only if yi = yl and yil = 0 otherwise, and [·]+ = max(0, ·)
represents the hinge loss. µ is the hyperparameter that controls the weight
of each term, usually taken to be 0.5. Neighbor(i) is the set of data that
share the same label with xi.
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This objective function is the most important thing and deserves to take
a closer look. The first term is as normal to the traditional term we have
seen above, it dictates that neighbors should get close. But the second term
is a little different, it demands maximizing soft-margin like support vector
machine (SVM) does. This soft-margin is triggered by a hinge loss. Here
the authors defined such a loss as that is triggered when a differently labeled
data xl approaches into the neighborhood of xi, where the neighborhood is
imposed by the similarly labeled neighbors of xi. Thus, the loss for two differ-
ently labeled data xi and xj appears when the following condition happens:

||xi − xl||2A ≤ ||xi − xj||2A + 1, xj ∈ Neighbor(i)

and the loss is 0 otherwise.
Formally the hinge loss when we are considering the point xi is∑

i,j∈Neighbor(i),l

(1− yil)
[
1 + ||xi − xj||2A − ||xi − xl||2A

]
+

which is the second term of the objective function.
We can therefore construct an optimization problem. The hinge loss used

in the functions automatically trigger non-differentiable objectives. This can
be either reformulated into SDP framework by introducing slackness variables
or solved directly using sub-gradient descent methods.

Now first consider the SDP framework. Notice that the second term in
(11) is a piecewise linear function of A. Typically we deal with piecewise
linear functions by introducing a slack variable t and the final optimization
problem is an SDP which is consistently linear of A:

min (1− µ)
∑

i,j∈Neighbor(i)

||xi − xj||2A + µ
∑

i,j∈Neighbor(i),l

(1− yil)tijl (12)

subject to tijl ≥ 1 + ||xi − xj||2A − ||xi − xl||2A (13)

tijl ≥ 0 (14)

A � 0 (15)

One of the big problem is that the number of constraints is quite large
so that a general-purpose solver like CVX tends to scale poorly. Thus the
authors implement their special-purpose solver, exploiting the sparsity of the
structure, i.e., that most of the slack variables are 0 because the number of
data points that can trigger a loss defined above is quite small. This fact
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coincides with the complementary slackness of strong duality, which is also
formulated in SVM literature. Thus, very few active constraints in the SDP
can greatly speed up the solving process by only monitoring a fraction of the
margin constraints.

So rather than solving the SDP optimization problems (12) - (15), the new
solver directly solves the objective (11) using sub-gradient descent methods
(Boyd et al. [2003]). Then a projection is made to ensure that A is updated
within the positive semidefinite cone after each step. Again, the projec-
tion algorithms provably converge (Vandenberghe and Boyd [1996]). Almost
all the algorithms trying to achieve large margin (involving piecewise linear
hinge loss) can utilize the sub-gradient methods. These methods converge to
the correct solution, provided that the gradient step-size is sufficiently small
(Boyd et al. [2003]).

Recently, the authors used the squared LMNN loss (which is differen-
tiable) and developed new solvers by using limited memory BFGS algorithm
(Liu and Nocedal [1989]), which is an efficient and effective algorithm for non-
convex and smooth optimization. This further improves the performance.

4 Experiments

1 In this section, we implement algorithms on cluster tasks with side infor-
mation where the side information is given as class signals. We implement
both the original algorithms (Xing et al. [2003]) and the CVX version on
global distance metric learning. For the local distance metric learning, we
use LMNN (Weinberger and Saul [2009]). Experiments demonstrate that
the unimodal assumption of the global distance metric learning and that this
drawback is conquered by local distance metric learning.

4.1 Global Distance Metric Learning

We generate artificial data for this section and provide analysis on the op-
timization problem. Here we use two Gaussian clusters as two different
classes. Cluster 1 is sampled from N (x|π1,Σ−11 ) and cluster 2 is sampled

1The code list can be found at https://github.com/stamdlee/DistanceMetricLearning
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from N (x|π2,Σ−12 ) where

π1 = (5, 5)>, Σ1 =

[
1 0
0 1

]
,

π2 = (10, 10)>, Σ2 =

[
2 0
0 2

]
.

20 samples for each cluster are illustrated at Figure 2. Note that the data
has been normalized.

Figure 2: Artificial data illustration.

First we solve this convex optimization problem by CVX. Depending on
whether we learn a diagonal or full A, we obtain

Acvx
diagonal =

[
0.2008 0

0 0.9129

]
;Acvx

full =

[
0.8044 0.5831
0.5831 0.5570

]
.

And the transformed data A
1
2x is plotted in Figure 3. Here we use 40

pairs in each set, i.e., the equivalence set S and the inequivalence set D. It
can be seen that the data is clustered as expected. The left figure is for
diagonal distance matrix and the right figure is for full matrix. When we use
the full distance metric matrix, the transformed cluster tends to lie on a line.
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Figure 3: Transformed artificial data illustration. The left one is for diagonal
transformation matrix and the right one is for full transformation matrix.

This behavior, as illustrated in section 3.2.1, might come from the similar
solution with LDA.

If we use the algorithm provided by the paper, that is, kind of like the
barrier methods, also gives an approximate solution. Depending on whether
we learn a diagonal or full A, we obtain

Aori
diagonal =

[
0.0598 0

0 0.0121

]
;Aori

full =

[
0.0302 0.0246
0.0246 0.0201

]
.

It can be seen that the solutions produced by CVX and the ones produced
by the original algorithms are approximately proportional. This is acceptable
since different scales only result in different “margins”. But the speeds are
quite different. Here we use artificial data to illustrate the speed difference
(refer to Table 1 and Table 2). It shows that the original diagonal matrix
solver is quite fast but not stable. Sometimes the iteration step cannot be
computed. Also, the original full matrix solver is fast when the condition
is good and well-suited for computation, but quite slow if in bad condition.
In contrast, the generic solver CVX is much more stable and there is not
much difference between different matrix structures. Its performance only
correlates to the matrix dimension.

Here we also give an illustration of the global nature of this metric. As we
mentioned in section 3.4, the objective function and the constraints (1) – (3)
are exerted on all pairs of the similarly labeled data and differently labeled
data. It essentially assumes that the distribution is unimodal or normal.
We give a multimodal distribution data in Figure 4, which is a mixture
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solvers d = 2, #constraint = 40 d = 2, #constraint = 200

original diag 0.085s N/A
original full 0.062s 0.082s

cvx diag 2.318s 7.669s
cvx full 2.175s 6.958s

Table 1: Elapsed time for different solvers (i).

solvers d = 10, #constraint = 40 d = 10, #constraint = 200

original diag 0.012s 0.048s
original full 11.963s 5.708s

cvx diag 2.120s 7.213s
cvx full 2.369s 7.620s

Table 2: Elapsed time for different solvers (ii).

Figure 4: Multimodal data illustration. The left is the original data and the
right is transformed data by a full matrix A.

of Gaussian composed of two mixtures for each class. The corresponding
transformed data by a full matrix is also given in Figure 4. It can be seen
that the learned distance metric collapses the data and makes things worse
by dragging close different classes. Fortunately, this problem is fixed by local
distance metric learning algorithm, e.g., LMNN.
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Figure 5: Multimodal transformed data by LMNN algorithm.

4.2 Local Distance Metric Learning

Now we apply local distance metric learning algorithm LMNN algorithm
to the same multimodal dataset and set K = 1, which indicates a nearest
neighbor. Figure 5 shows that things are getting better and the clusters
are preserved by projecting onto a line. This line-like projection behavior is
similar to the global distance metric learning algorithm we used above.

5 Conclusion

In this report, we focus on the subject of distance metric learning. Although
this subject covers a broad field, we particularly survey its supervised linear
forms and omit the unsupervised or more sophisticated non-linear forms. De-
spite the relatively simple form, such learning problems dictate quite smart
formulation of convex optimization programmings, especially, SDPs. Inter-
estingly, however, the authors are reluctant to use the general solver but try
to come up with the specific optimization algorithms by taking advantage of
the particular structure. These special-purpose algorithms more or less reflect
the idea of most techniques in convex optimization, such as barrier methods,
alternating projection, sub-gradient descent methods et al. In general, the
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final goal is to find the direction (by Newton’s method or gradient ascen-
t/descent) to the maximum/minimum as well as keep the solution satisfying
the constraints (by projection). Another important point deserving notice is
that most of the constraint optimization problems (at least in distance met-
ric learning) have a lot of equivalent forms and different forms may require
different algorithms (e.g., LMNN’s SDP optimization and sub-gradient de-
scent methods). The performance varies from algorithm to algorithm, thus
choosing an appropriate problem form with the least-cost optimization al-
gorithm is also an important task. For the experiments, we implement two
main algorithms and illustrate one’s drawback is fixed by the other.
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