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Abstract

Structure learning algorithms for graphical models vary over assumptions. Chow-
Liu algorithm[3] assumes the model is a Bayesian network with tree structures;
Graphical Lasso[5] encourages to seek sparse single-layer markov random fields.
Researchers select suitable algorithms based on their understanding of the task
properties. However, they seldom use them in a crossing way, although the structure
that Chow-Liu algorithm learns is a subset of the ones learned by Graphical Lasso.
In this project, we compare the algorithm performances when they are used in
a less suitable scenario. In specific, we empirically study a case, modeling a
human skeleton dataset UTD-MHAD1, where Chow-Liu algorithm obviously takes
a preference than Graphical Lasso. In terms of visual validity, we conclude that
when we are solving a problem, at least for the graph structure learning, the match
of the algorithm for the task assumption is more important than the potential of
the algorithm. But we conserve the potentially existing opinion that the structure
learned by Graphical Lasso conveys more information and may be useful for other
applications.

1 Introduction

We consider the problem of using graphical structure learning algorithms in unsuitable situations.
Structure learning algorithms usually learn specific kinds of graphical structure, by which the true
probability distribution is modelled. The model structure is the our assumption of the task. In this
project, we focus on two representative algorithms that learn different structures:

• Chow-Liu algorithm[3]: it learns a Bayesian network with tree structures by finding max
spanning tree of mutual information using greedy algorithms.

• Graphical Lasso[5]: it estimates a sparse graph by exerting a lasso penalty on the inverse
covariance matrix.

Graphical Lasso only makes sense for Gaussian graphical models (GGM) where each node of the
graph is a Gaussian variable. Thus to gain a fair comparison, we also deploy Chow-Liu algorithm
under the setting of GGMs.

We devise a scenario in learning the human skeleton structure where Chow-Liu algorithm takes a
preference . And we compare the two algorithms’ performances to see if the more powerful one –
Graphical Lasso – can automatically capture the tree-structure assumption.

1http://www.utdallas.edu/ kehtar/UTD-MHAD.html



2 State-of-the-art

Many applications of human pose modeling concentrate in computer vision area to do pose
estimation[6][2]. Some authors take it for granted that the skeleton follows from a tree-structure[1].
On the other hand, some authors argue that such a tree structure has obvious drawbacks like inability
to incorporating gravity effect[7].

One work models the structure in non-parameteric setting[8] but does not learn a tree structure. They
allege that the learned structure contains more meaningful information and is useful for downstream
tasks like pose estimation.

Nevertheless, none of the work utilize Graphical Lasso on this task and compare the algorithm
extensively.

3 Methods

To learn the structure, we utilize two algorithms.

3.1 Chow-Liu algorithm

For data distribution p(x), we approximate it via a tree-structured Bayesian network pS(x)
with a particular structure S. The tree-structure Bayesian networks define a family of prod-
uct distributions where each node serves as one factor of at most second-order. For example,
the distribution corresponding to the tree-structure directed acyclic graph (DAG) in Figure 1 is
pS(x) = pS(x1)pS(x2|x1)pS(x3|x1).

Figure 1: An example of DAG.

The goal of this second-order approximation is to select the most probable structure S ∈ S. To
measure this distance between p(x) and pS(x), Chow-Liu algorithm[3] uses Kullback–Leibler (KL)
divergence DKL(p(x)||pS(x)). We can rephrase KL divergence in terms of entropy and mutual
information in the following way,
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where xj(i) is the parent node of i induced by the graph structure S, and we assume the
marginals of p ans pS have the same density pS(xi, xj(i)) =

∫
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2



∫
a,b
p(a, b) log p(a,b)

p(a)p(b)dadb is the mutual information of a and b. h(a) is the differential entropy for
continuous variables.

In order to minimize KL divergence between a data distribution and a distribution induced by a
tree-structure Bayesian network, it is equivalent to find a particular tree structure that maximizes the
sum of mutual information for each edge

∑
i I(xi;xj(i)). Thus a valid algorithm that finds such

a structure can be summerized as below. First we compute mutual information between any two
nodes. Second we build a max-spanning tree among the nodes. Then we add arrows from a source
and propagate outward.

If we model the data distribution with multivariate normal distributions, then the mutual information
becomes

I(xi;xj(i)) = −h((xi, xj(i))) + h(xj(i)) + h(xi).

For a k-dimensional multivariate normal distribution p(x) = exp(−(x−µ)>Σ−1(x−µ)/2)√
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Then the mutual information is
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3.2 Graphical Lasso

Graphical Lasso algorithm[5] assumes that the observations are multivariate normal distribution. By
inspecting the precision matrix we can determine the graphical model structure.

Recall multivariate normal distribution has its density

p(x) =
exp(−(x− µ)>Ω(x− µ)/2)√

(2π)k|Σ|

where Ω = Σ−1 is the precision matrix. Then variables i and j are conditionally independent given
all the other variables if Ωi,j = 0.

Because usually a lot of pairs of variables are conditionally independent, which corresponds to a
sparse Markov random field, Graphical Lasso algorithm finds, for such a Markov random field, a
sparse precision matrix by maximizing the log-likelihood
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where S = 1
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> is the empirical covariance.

In order to encourage a sparse matrix Ω, an extra l1 regularizer ρ ‖Ω‖1 is added so that

maximize
1

2
log |Ω| − 1

2
tr(SΩ)− ρ ‖Ω‖1 ,

subject to Ω � 0.

We require Ω = Σ−1 to be positive semidefinite because if Σ is positive definite, Ω is also positive
definite2, and ρ > 0.

2Because their eigenvalues are reciprocal.
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This problem is convex since the inner product and l1 norm is convex and the operator log det is
concave with respect to positive semidefinite matrix. Thus we can solve it using CVX3. But a faster
algorithm can be obtained by utilizing the first-order optimality condition

Ω−1 − S − ρ∂ ‖Ω‖ = 0,

for which we can find Ω−1 by a blockwise coordinate descent method[5].

4 Experiments

4.1 Skeleton modeling

For skeletons like human skeletons for which we focus on the skeleton joints, by assuming all the
joints follow from multivariate normal distribution, we can model its distribution in space if we have
a bunch of data showing different poses of the skeleton. Similar assumptions are also used in [4] and
[8].

In three-dimensional space, we assume, for each skeleton joint, the coordinates (x, y, z) have a
multivariate normal distribution with mean µ and covariance Σ, i.e., N (µ,Σ) or

p(x) =
exp(−(x− µ)>Σ−1(x− µ)/2)√

(2π)k|Σ|

where x = (x, y, z).

4.2 Data

UTD-MHAD4 is a dataset for human skeleton. Each sample has a set of 3D coordinates of a human
skeleton with different actions. It has 58299 poses and each pose contains 20 joints. By taking our
Gaussian distribution assumption, it means we have 58299 samples of 60-dimensional Gaussian
random vector.

4.3 Results

4.3.1 Chow-Liu algorithm

To assign the edges, we use Kruskal’s algorithm to maximize the sum of the mutual information.

The results of Chow-Liu algorithm are in Figure 2. It can be seen that only one edge – the connection
between left knee and hip center – is incorrectly estimated.

Figure 2: The left figure is for pulse-like signal and the right figure is for step-like signal.

3http://cvxr.com/cvx/
4http://www.utdallas.edu/ cxc123730/UTD-MHAD.html
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4.3.2 Graphical Lasso algorithm

We use the solver from Scikit-learn[9] package.

Since each node is a three-dimensional multivariate Gaussian variable, the learned precision matrix is
60× 60. To assign the edges from this precision matrix, we assign an edge between two nodes at
least three entries in their 3× 3 sub-matrix are nonzero.

The results of Graphical Lasso algorithms are in Figure 3. It can be seen that as we increase the
penalty paramter ρ, the structure becomes sparser, but the it is not better than Chow-Liu algorithm.

Figure 3: From left to right are the learned structures for regularizer weight ρ = 0.3, 0.5, 0.7, 0.9, 1.0.

5 Discussion

5.1 Conclusion

In terms of visual validity, when dealing with a problem, at least for graphical model structure learning,
instead of choosing a powerful one, an algorithm with matched assumption is more important.

However, we have not compared the log-likelihood. A potential consequence is that the structure
learned by Graphical Lasso actually conserves more information and it is the assumption of Chow-Liu
algorithm that limits its ability to capture that part of information. This information may be useful for
other applications and can be seen as a prior for them.

5.2 Future work

• For this task, blockwise Graphical Lasso should be more appropriate because each joint
consists of three variables, such an algorithm should be further investigated.

• The way of assigning the edges between two multivaraite vectors should also be investigated.

• The log-likelihood for the two algorithms should also be compared to see which one contains
more information. To explore which applications might be absorbed to this information is
another interesting field.
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