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Abstract

Latend Dirichlet Allocation (LDA) is an important member of topic models. It is
used to model the generation process of a document. However, due to the triple-
level hierarchy, the inference in LDA is typically hard. To tackle this problem,
various special-purpose inference algorithms have been proposed. Black Box
Variational Inference (BBVI)[6], on the other hand, is an instance of general-
purpose inference algorithms. Although it is introduced as a generic algorithm
to simplify the inference problem, BBVI has never been used for LDA. In this
work, we apply BBVI to LDA and compare it with vanilla variational inference.
Experiments show that BBVI achieves a slightly lower log likelihood than the
vanilla variational inference.1

1 Introduction

Latend Dirichlet Allocation (LDA)[1] is a generative probabilistic model of corpus. But it is not
limited to texts. It also generalizes into domains including content-based image retrieval, collaborative
filtering, and bioinformatics. Such generalization is based on the property that a collection of data
has latent components to enable clustering. LDA, however, goes beyond the clustering property and
fits a generative model that also generalizes to unseen data, by which it is superior to its predecessors,
e.g., probabilistic Latent Semantic Indexing (pLSI)[4]. Wide as the applicable domains are, in this
paper, we use the language of texts to illustrate the ideas for convenience.

The graphical representation of LDA is illustrated in Figure 1 and the generation of a document can
be seen as follows. For each document d, we first sample its topic distribution θd, the parameter of a
multinomial distribution, from a Dirichlet distribution with parameter α,

θd ∼ Dir(θ|α).

Note that θd is a valid parameter for multinomial distribution because
∑k
j θd,j = 1. Then for each

word n in document d, we sample its topic zd,n from a multinomial distribution with parameter θd,

zd,n ∼ Mult(z|θd).
Finally, the corresponding word wd,n is sampled from a multinomial distribution specific to topic
zd,n,

wd,n ∼ Mult(w|βzd,n)

where βzd,n is the parameter of a multinomial distribution over the vocabulary.

The motivation of LDA comes from generalizing the “bag-of-words” assumption for a document and
the “bag-of-documents” assumption for a corpora. These assumptions ignore the order of words in a

1Code can be found at https://github.com/aodongli/Black-Box-Variational-Inference-on-Latent-Dirichlet-
Allocation
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Figure 1: Graphical representation of LDA. The corpus has M documents and each document
involves N words.

document, and the order of documents in a corpora. Remarkably, order-ignorant assumptions coincide
with the more general notion of exchangeability in the language of probability theory, by which we
are able to utilize the probability tools to better solve the problem. Among the probability theorems,
de Finetti’s representation theorem[2] says that a collection of exchangeable random variables has a
representation as a mixture distribution – in general an infinite distribution. The theorem essentially
dictates a conditionally independent and identically distributed assumption over the random variables
we want to model. This insight reflects the design of probability of a sequence of words and topics
in LDA, which can be treated as an infinite mixture over an underlying set of topic distributions
governed by a multinomial parameter:

p(w, z) =

∫
p(θ)

(
N∏
n=1

p(wn|zn)p(zn|θ)

)
dθ.

Elegant as LDA is, its triple-level structure posits some difficulty on the inference of the parameters.
Thus a lot of special-purpose inference algorithms have been proposed to tackle this problem, e.g.,
collapsed Gibbs sampling[5], collapsed variational inference[7], and stochastic collapsed variational
Bayesian inference[3], etc. On the other hand, Black Box Variational Inference (BBVI)[6] is proposed
as a generic inference algorithm and has not been used for LDA. So in this paper, we apply BBVI to
LDA. The contributions include

• We re-derive the vanilla variational inference algorithm on LDA in a general-to-specific way
by the power of exponential families[8].

• We derive the inference formula of LDA under the framework of BBVI.
• We implement it with an extension of Adagrad algorithm[9].

2 Variational Inference on LDA

Different from the original derivation in [1], we derive the variational inference algorithm for LDA in
a general-to-specific way, in which we utilize the representation of exponential families.

2.1 Generic Mean-Field Variational Inference

We first derive the lower bound of the log-likelihood,

ln p(X) = ln

∫
z

p(X,Z)dz

= ln

∫
z

p(X,Z)
q(Z)

q(Z)
dz

= ln E
q

[
p(X,Z)

q(Z)

]
≥E

q

[
ln
p(X,Z)

q(Z)

]
= E

q
[ln p(X,Z)− ln q(Z)]

=L(q)
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where the inequality comes from the concavity of ln(·). The lower bound L(q) is called evidence
lower bound (ELBO) and q(Z) is the variational distribution.

For a successful derivation, we use mean-field approximation for q(Z) =
∏m
i=1 qi(Zi) or it is

equivalent to say that the latent variational variables factorize. If we concentrate on one particular
component Zj , then L(q) can be written as

L(qj) =

∫
zj

qj(zj) E
q 6=j

[ln p(X,Z)]dzj −
m∑
i=1

E
qi

[ln qi(Zi)]

=

∫
zj

qj(zj) E
q 6=j

[ln p(X,Z)]dzj − E
qj

[ln qj(Zj)] + const.

Furthermore, let ln p̃(X,Zj) = Eq6=j
[ln p(X,Z)], then p̃(X,Zj) is a pseudo distribution for p(X,Zj)

in that p̃(X,Zj) = exp
(∫
q6=j(Z 6=j) ln p(X,Z)dZ 6=j

)
. Also we have

L(qj) =

∫
zj

qj(zj) ln

[
p̃(X,Zj)

qj(Zj)

]
dzj + const,

which is the same as −KL(p̃(X,Zj)||qj(Zj)). Thus to maximize L(q), KL(p̃(X,Zj)||qj(Zj))
should be minimized for every qj(Zj). Thus it provides an update rule

ln q∗j (Zj) = p̃(X,Zj) = E
q6=j

[ln p(X,Z)], (1)

which is an iterative algorithm for all q∗j (Zj), j = 1, ...,m.

2.2 Dirichlet distribution in exponential families

For Dirichlet distribution

Dir(θ|α) =
Γ(
∑k
i=1 αi)∏k

i=1 Γ(αi)

k∏
i=1

θαi−1
i ,

it can be written in exponential family as

exp

{
k∑
i=1

(αi − 1) ln θi −
k∑
i=1

ln Γ(αi) + ln Γ

(
k∑
i=1

αi

)}
.

The sufficient statistic is T (θi) = ln θi. So by the property of the log normalizer in exponential
family distribution, we conclude

E
p(θi|α)

[ln θi] = Ψ(αi)−Ψ

(
k∑
i=1

αi

)

where Ψ is di-gamma function and Ψ(αi) = Γ′(αi)
Γ(αi)

, which is the derivative of log gamma function.

2.3 Mean-Field Variational Inference on LDA

For LDA, we want to infer p(θ, z|w, α, β) given a document w. We want to remove the prob-
lematic connections between β and θ. By mean-field approximation, we use q(θ, z|γ, φ) =

q(θ|γ)
∏N
i=1 q(zi|φi) where γ and φ are the variational parameters controlling the distribution.

First we derive q(θ|γ). The right hand side of (1) is

E
q(Z|φ)

[ln p(θ, z,w|α, β)]

= E
q(Z|φ)

[ln p(θ|z, α) + ln p(z,w|β)]

= E
q(Z|φ)

[ln p(θ|z, α)] + const

=h(θ) + T (θ)> E
q(Z|φ)

[ηg(z, α)] + const,
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where we used the exponential family representation of p(θ|z, α) ∝ h(θ) exp
(
T (θ)>ηg(z, α)

)
and

did not write the normalizer explicitly. Also in exponential family representation, the left hand side
of (1) is

h(θ) + T (θ)>ηg(γ)−Ag(γ).

Then make both sides equal and omit the normalizer, we have

ηg(γ) = E
q(Z|φ)

[ηg(z, α)] . (2)

Then in a similar fashion, we can derive q(zi|φi) in a parameterizing form

ηl(φi) = E
q(θ|γ)

[ηl(wi, β, θ)] . (3)

Now we consider the posterior probability of p(zd,n = j|θd, wd,n, β) in exponential family form,
which can be expressed as

p(zd,n = j|θd, wd,n, β) ∝ p(zd,n = j|θd)p(wd,n|zd,n = j, β)

=Mult(θd,j)Mult(βj,wd,n
)

∝ exp
((

ln θd,j + lnβj,wd,n

)
· 1
)
.

Thus the natural parameters are

ηl(wd,n, β, θd) = ln θd,j + lnβj,wd,n
.

Based on (3), if we take multinomial distribution over z, then

ln(φjd,n) = E
q(θd|γd)

[
ln θd,j + lnβj,wd,n

]
= lnβj,wd,n

+ Ψ(γd,j)−Ψ

(
k∑
i=1

γd,i

)
,

where we used the property of Dirichlet distribution. Then rewrite them and we get

φjd,n ∝ βj,wd,n
exp

(
Ψ(γd,j)−Ψ

(
k∑
i=1

γd,i

))
. (4)

On the other hand, we consider the posterior probability of p(θd|α, zd,wd) in exponential family
form, which can be expressed

p(θd|α, zd,wd) ∝p(θd|α)p(zd|θd)

=Dir(α)

N∏
n=1

Mult(zd,n|θd)

∝ exp

 k∑
j=1

(αj − 1) ln θd,j +

k∑
j=1

N∑
n=1

δ(zd,n, j) ln θd,j


= exp

 k∑
j=1

(
(αj − 1) +

N∑
n=1

δ(zd,n, j)

)
ln θd,j

 .

By focusing on what we are interested in, we can see

ηg(α, zd) =

(
α1 − 1 +

N∑
n=1

δ(zd,n, 1), ..., αk − 1 +

N∑
n=1

δ(zd,n, k)

)
.
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Similarly, in terms of natural parameter, based on (2),

ηg(γd) = E
q(zd,n|φd,n)

[ηg(α, zd)]

= E
q(zd,n|φd,n)

[(
α1 − 1 +

N∑
n=1

δ(zd,n, 1), ..., αk − 1 +

N∑
n=1

δ(zd,n, k)

)]

=

(
α1 − 1 +

N∑
n=1

δ(zd,n, 1)φ1
d,n, ..., αk − 1 +

N∑
n=1

δ(zd,n, k)φkd,n

)
.

Using the fact of ηg(x) = x− 1, the variational parameter is

γd =

(
α1 +

N∑
n=1

δ(zd,n, 1)φ1
d,n, ..., αk +

N∑
n=1

δ(zd,n, k)φkd,n

)
. (5)

In summary, the inference algorithm is a coordinate ascent over (4) and (5).

3 Black Box Variational Inference on LDA

Given certain conditions (Robbins-Monro conditions) on learning rate, stochastic optimization
algorithms are guaranteed to converge to a maximum of an objective function f(x):

xt+1 ← xt + ρtht(xt)

where ht(xt) is a realization of random variable H(x) whose expectation is the gradient of f(x)[6].

Given variational distribution q(z|λ), by [6] the gradient of ELBO can be derived to be

∇λL(λ) = E
q(z|λ)

[∇λ ln q(z|λ)(ln p(x, z)− ln q(z|λ))] . (6)

Thus we are able to perform inference using gradient ascent. The gradient can be estimated by
Monte Carlo method. Here comes the definition of black box, we only require the model ln p(x, z) is
evaluable and then we are able to do inference in a model-agnostic way.

However, one of the shortage is that the estimator of (6) is that it is of high variance and it is hard to
compute the gradients for all variational parameters at one time.

To tackle this, one variance reduction technique is to Rao-Blackwellize the estimator. By the
implication of Rao-Blackwell theorem on mean-field approximation, all we need to do is to integrate
out some irrelevant variables[6],

E[J(X,Y )|X] =

∫
J(x, y)p(x)p(y)dy∫

p(x)p(y)dy
= E
p(y)

[J(X,Y )].

With this implication, first we derive the gradient of γ and integrate out φ,

∇γL(γ) = E
q(θd|γ)

[
∇γ ln q(θd|γ) E

q(zd|φd)
[ln p(θd, zd,wd|α, β)− ln q(θd|γ)− ln q(zd|φd)]

]
= E
q(θd|γ)

[
∇γ ln q(θd|γ)

(
ln p(θd|α) + E

q(zd|φd)
[ln p(zd|θd)]− ln q(θd|γ) + C

)]
= E
q(θd|γ)

[
∇γ ln q(θd|γ)

(
ln p(θd|α) + E

q(zd|φd)
[ln p(zd|θd)]− ln q(θd|γ)

)]
,

in which for each term we have

∇γ ln q(θd|γ) = ln θd −Ψ(γ) + Ψ

(
k∑
i=1

γi

)
,

ln p(θd|α) = ln Dir(θd|α),

ln q(θd|γ) = ln Dir(θd|γ),
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and Eq(zd|φd) [ln p(zd|θd)] can be evaluated by Monte-Carlo estimation (please see code for explicit
representation).

Similarly, we derive the gradient of φ and integrate out γ,

∇φd,n
= E
q(zd,n|φd,n)

[
∇φd,n

ln q(zd,n|φd,n)

(
ln p(wd,n|zd,n, β)− ln q(zd,n|φd,n) + E

q(θd|γ)
[ln p(zd,n|θd)]

)]
,

where we used the property of Dirichlet distribution and each term in the formula is

∇φd,n
ln q(zd,n|φd,n) =

{
0, zd,n 6= j,

1

φj
d,n

, zd,n = j,

ln p(wd,n|zd,n, β) = lnβzd,n,wd,n
,

ln q(zd,n|φd,n) = lnφ
zd,n
d,n ,

and Eq(θd|γ) [ln p(zd,n|θd)] can be evaluated by Monte-Carlo estimation (please see code for explicit
representation).

Then we can do the inference by iteratively updating those parameters.

4 Experiments

In this section, we describe the dataset we used and the experiments we conducted to compare the
performance of different variational inference algorithms.

4.1 Dataset

20 Newsgroups dataset2 is used to evaluate the performances of different algorithms. The dataset
consists of 20 different classes. For this task, we basically do not distinguish classes and treat the
inference and learning in an unsupervised way.

We used the pre-split training set for parameter learning. But for the inference task, we only used 100
documents of the test set. In summary, we used 11269 documents for training and 100 documents for
comparisons of inference algorithms.

4.2 Training

We build the model as described above and estimate the parameters α and β by variational EM
algorithm[1]. In E step, we update the variational latent parameters by the formulas in the previous
section. In M step, we maximize the ELBO with variational latent variables fixed. The implementation
uses the standard LDA code3.

We use randomly initialized parameters and set the number of topics to be 20. The whole training set
is employed to estimate the parameters. After training we save the parameters and keep them fixed
during inference.

4.3 Inference

We compared two versions of BBVI with vanilla variational inference (VI) on LDA. Specifically,
we did BBVI with stochastic gradient descent (SGD) and Adagrad[9] repectively. The gradients
are estimated by 10 samples. For BBVI with SGD, the learning rate is set to be 1e-4, while for
BBVI with Adagrad, the initial learning rate is set to be 1e-1 and is adjusted automatically for each
parameter during update.

Inference is performed on 100 test documents. The results are plotted in Figure 2. VI in general
behaves better than BBVI because the estimated gradient incorporates noise, leading to a noisy
estimate. But it is worth noting that BBVI with Adagrad behaves much worse than BBVI with SGD,
which should be investigated in the future.

2http://qwone.com/∼jason/20Newsgroups/
3http://www.cs.columbia.edu/∼blei/lda-c/
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Figure 2: Log likelihood on testset documents.

5 Future work

First, the reason why Adagrad behaves much worse than SGD should be investigated. In addition,
more systematic comparison of algorithmic efficiency is worth being conducted because some random
variables are hard to sample. Finally, comparison with other sampling methods, like Gibbs sampling,
should be conducted.

6 Conclusion

In this project, we apply Black Box Variational Inference to Latent Dirichlet Allocation. The
derivation work of BBVI is greatly reduced compared to vanilla variational inference. Experiments
show BBVI with SGD achieves a slightly lower log likelihood than VI, but BBVI with Adagrad has
much lower log likelihood, which should be investigated.
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